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ON MAGNETOPLASTIC FLOW
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The second law of thermodynamics is used: (a) to derive the flow equations for a mag-
netoplastic medium ; (b) to investigate in detail the magnetoplastic flow of a long thick-
walled pipe; (c) to consider the flow of a pipe acted on by a nonpenetrating field; (d)
to find the conditions under which the "infrozen" magnetic field facilitates plastic flow,
Magnetic fields capable of producing stresses in excess of the yield stress of metals

have been achieved [1]. If the conductivity of the metal is sufficiently high, then the
presence of infrozen magnetic lines of force [2] results in interaction between the plastic
flow and the magnetic field, This is what constitutes magnetoplastic flow, Magneto-
plastic effects are manifested if the magnetic pressure is of the order of the yxeld stress
of the material, i,e, if 13H*x =~ k. In the case of hard coppers (k =~ 40 kg/mm ) the
field intensity required is H=300k0e; for hard steels (k =~ 100kg/mm } H =450 koe,

1, Let us make use of the second law of thermodynamics, The law of conservation
of the energy W in some volume V can be written as [3]

dW = 64 + d.W (1.1)
Here A is the work done by the external forces; d,W is the energy influx through

the surface,
The work done per unit time can be resolved [4] into the work done by the external

surface forces 9,4 [ 9t a(;gA _ @v{%o aQ; (1.2)
Q
and that done by the external body forces (the Lorentz forces 944 / dt ),
A i Voo T :
o SAA ﬂ(—;—xﬂ)wd? (1.3)
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Motreover,

= — <§pu )dsz,- (1.4)
Here & is the internal energy per unit mass.
Substituting relations (1,2)—(1. 4) into Eq, (1.1), we obtain

a—;:i= Vo dQ; + g(—i-xﬂ)vdV——(ﬁpvj(—';—-Fe)dQ; (1.5)
Q ‘7 Q '

On the other hand, the total energy of a body of volume V is given by
W= Sp(_’;l+e)dv (1.6)
DA

Differentiation of this relation with respect to time gives us the rate of change of

energy, _aal:’_ _ S[<%+8)%+pv‘ Oy 1o a:]dV (1.7)
v

Let us express the derivatives with respect to time in terms of the derfvatives with
respect to the coordinates with the aid of the mass conservation equation

9y
= (1.8)
and the momentum conservation equation [2]
v, v ds,; q oH dH .
L SN i S —l
P = Pigg T ax Tix (H’ 5z, — 1 az,) (1.9)

Substituting expressions (1. 8), (1. 9) into Eq, (1, 7), we obtain
ow d el 2 o x O
5 == S'g;[P”} (-2— + 8)]‘”’ + ‘Sa—,]‘ (visi®) dV — Svu% dV +

+ ﬂp g av 4 Sm(fli%}i—;-—]i "”’)dv (1.10)

1 7 8y, v,
Pk = 72 (z; T %,
is the straining rate tensor,

Combining formulas (1, 5) and (1, 10), we obtain
ds °
pT —d—t' = v‘,'cu (1.11)

Here

(Here we have made use of the relation de = T'dS which {s valid if we neglect the
elastic energy,)
According to the second law of thermodynamics [5—~7]

as >0
This impljes the Duhem~Clausius condition [8]
905" > 0 (1.12)
If the medium is incompressible (v;; = 0), then [9]

G >0 (04°% = 6,° —- }/301,°04x) (1.13)

(Here o;’; is the stress tensor deviator, )
This relation yields the flow equations in the case of an isotropic medium,
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In fact, the Hamilton-Cayley equation implies that the most general relationship
between the matrices v;; and O4,° in the three-dimensional case is of the form [10]

0,° = BOu + nuy + Loivix €, m, L are scalars) (1.14)
Neglecting the squares of the straining rate tensor and converting to the deviators, we
obtain the flow equation for an incompressible medium,
St = Mgy (1.19)
Inequality (1.13) implies that the coefficient 1) is positive, i, e, that 1 > 0.
The scalar 1) depends on the invariants of the stress and straining rate tensors, The

varfous forms of this dependence are associated with specific variants of plasticity theory.
For example, let us set k V3

N= —7=—
2%
(The constant k is called the yield stress and characterizes the material), We then obtain
the yield equations corresponding to the Huber-Mises plasticity condition [11]
a0y %% = k? (1.17)
We note that relations (1,15) do not contain the magnetic field, i, e, that the equations
of a magnetoplastic medium coincide with the yield equations of the ordinary theory of

plasticity, This means that the magnetoplasticity equations postulated in [12] are incor=-
rect,

(1.16)

2, Let us formulate the basic equations of magnetoplasticity, The law of conservation
of momentum in a magnetoplastic medium is
dvi 63”‘, " (2 1)
P —5 = 55— p 1is the density) .
dt 6:ck ( Ty Y
The stress tensor oy, is equal to the sum of the stress tensor of the material 0;; and
the magnetic field stress tensor ol ,

1 1 ’
o = 0y o, su = g (Hin — ”25£k)

We can describe the magnetic field (as in magnetohydrodynamics) with the aid of the

condition of infreezing of the magnetic lines of force and the condition of absence of
t . & ¢

magnetic charges. M _ rot(vxH), divH =0 (2.2)

Let us assume that the medium is incompressible, i, e, that v;; = 0; then Vik = Vjge

To these equations we must add flow condition (1,15) and plasticity condition (1,17),

In the case of slow motions we can neglect the derivatives with respect to time and
the inertial forces, which essentially means discarding the left sides of Eqs. (2,1), (2.2).
This yields the equations of steady magnetoplastcity,

8. Now let us consider the magnetoplastic flow of a long thick-walled pipe,

Making use of the cylindrical coordinate system (r, @, 2), we assume that all the
quantities depend only on the coordinate r. The symmetry of the problem implies that
all the nondiagonal components of the stress tensor of the material are equal to zero,

i .t ° ° ° .
i,e, that Orp = Org = Op; = 0 (3.1)

We also assume that the velocity components v, and v, are equal to zero,
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Vo =19, =0
From the incompressibility conditdon v;; = 0 we infer that

v, = _Egg'i (3.2)
This allows us to write plasticity condition (1,17) as
(6r” — 900°)* + (3" — 62,°)" + (G90” — 0,°)* = 6k* (3.3)
Flow condition (1,15) and the condition »,, = 0 imply that
: =0, or 0 =, (s + Og0) (3.4)
Substituting (3, 4) mto(s 3), we obtain
Opr — Opo = + 2k (3.9)

Discarding the left side of momentum conservationlaw(2,1),taking ther-th component,
and making use of (3, 5), we obtain

ds,; ok | doh ol —oll

7ttt + T—==0 (3.6)

r

4, Let us investigate the magnetoplastic flow of a pipe under various orientations of
the magnetic field, Let @ and b be the inside and outside radif of the pipe,

First let us consider the flow of the pipe under the internal pressure exerted by an
azimuthal magnetic field, Let the infrozen magnetic field have the components H,
(0, Hyy, H,p), and let the components of the magnetic field inside the pipe cavity
(for r < a), which is producing the flow be H (0, Ho, H,).

Magnetic field equations (2. 2) (with the left side equal to zero) and expression (3, 2)

for the velocity give us Heoo (r)=Hoq(a) r/a, H,, = const (4.1)

where Hogq (@) is the value of the infrozen magnetic field at the inner surface of the
tube (at the inside radius), The infrozen magnetic field with this ¢-component is pro-
duced by a current (of constant density over the radius) in the pipe material,

(the z-component of the field can be produced by an external solenoid),
We can determine the stress distribution during flow under internal pressure by inte-
grating Eq, (3,6) under the boundary condition
Orr () =0 (4.3)
In this case the magnetic field is defined by formulas (4. 1), and the condition
0% (b) > 0 dictates the choice of the lower sign in Eq, (3.6) [13]. Integrating yields

6,° = — [2k In — 4 ,‘;‘;ﬁ,) (b — r’)] (4.4

We can now determine the components o;, and 0, of the stress tensor from formulas
(3.4), (3. 5).

The condition of continuity of the components G,, of the total stress at the inner sur-
face of the pipe(r = a) , o% (@ —0) = oy (@ + 0) + 8% (a + 0) (4.5)
gives us the intensity of the internal field comresponding to the onset of plastic flow,

HS2 + oo( ) (b’ ____;_a2> (4.6)

8 41ta®
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In the absence of an infrozen field the internal field producing plastic flow is given
by the formula 1aH2 = 2k 1n (b ] a) (4.7)

Combining formulas (4. 6) and (4, 7), we see that the production of plastic flow under
internal pressure requires a larger magnetic field in the presence of an infrozen field
than without one (the infrozen field "hinders” plastic flow),

Now let us consider the magnetoplastic flow of a pipe under external magnetic pres-
sure, The boundary condition in this case is

a"° (a)= 0 (48)
Let us assume for simplicity that both the infrozen field H, and the external field H
have a @-component only, i, e, that
HO(Ov H@Ov O)? H (O’ HO? 0)

The infrozen field is given by formula (4, 1) as before, Integrating Eq, (3. 6) under
boundary condition (4, 8), we obtain @
VO

Op’ = — 2kln——- + 7 (P —a?) (4.9)

(here we must choose the upper sign in Eq. (3, 6) [13] in order that a:,° <0 atr=a).
The condition of continuity of the components g, of the total stress at the outside
surface of the pipe (r = b) yields the intensity of the external magnetic field corre~
sponding to the onset of plastic flow,
H3 H (a)
8n T Tinat

(1/ob% — a?) (4.10)

The magnetic field which produces plastic flow in the absence of an infrozen field
is given by formula (4. 7) as before, Combining Eqs, (4.10) and (4, 7), we find that an
infrozen magnetic field facilitates plastic flow if the pipe radfi satisfy the relation

b>V32a (4.41)

(i. e, if the pipe is thick enough), It is interesting to note that plastic flow can be initi-
ated by an infrozen field alone, provided its value is given by the formula

P

A 1—(a%/ %)
(This phenomenon is analogous to the pinch effect in a plasma [14].) As we see from
Eq. (4.12), plastic flow under an infrozen field requires a smaller field than does flow
under a nonpenetrating field if condition (4,11) is fulfilled,

Finally, let plastic flow occur in the presence of an infrozen field H, (0, Hoo (a) 7/
/ @, 0) and an extemal field H(0, Hy, (a)r / a, H,).

The stress distribution ¢, in the material is given by formula (4. 9) in this case, The
(external) axial magnetic field corresponding to the onset of plastic flow is given by the
relation Hp w( a)

8n

Thus, an infrozen magnetic field always facilitates plastic flow under these circum-
stances,

The authors are grateful to A, I, Akhiezer and L, L, Sedov for their valuable comments,

(b% — a?) (4.13)




10,

11,

12,

13,

14,

On magnetoplastic flow 1041

BIBLIOGRAPHY

Kolm,H, and Freeman, A., Strong magnetic fields, Usp, Fiz.Nauk Vol, 88,
N4, 1966,

Landau, L,D, and Lifshits, E, M,, The Electrodynamics of Continuous
Media, Moscow, Gostekhizdat, 1947,

Love, A, E,, A treatise on mathematical theory of elasticity, 4th ed, Cambridge
Univ, Press, p.5, 1934,

Sedov, L,1,, Mathematical methods for constructing new models of continuous
media, Usp, Mat, Nauk Vol.20, N5, 1965,

Freudenthal, A, and Geiringer, H,, Mathematical Theories of Inelastic
Continua, (Russian translation), Moscow, Fizmatgiz, 1962,

de Groot,S,R,, The Thermodynamics of Irreversible Processes. (Russian trans-
lation), Moscow, Gostekhizdat, 1956,

Sedov, L, I,, On the basic concepts of the mechanics of continua, In collection;
Some Problems of Mathematics and Mechanics, Novosibirsk, 1zd, Sib, otd,
Akad, Nauk SSSR, 1961,

Truesdell, C, A,, A new definition of a fluid, II, The Maxwellian fluid,

J. math, pures et appl,, Vol,30, N2, 1951,

Vakulenko, A, A,, "On stress-strain relations in inelastic media", In collec-
tion: Studies on Elasticity and Plasticity, Collection 1, Izd. Leningr, gos.
Univ,, 1961,

Gol'denblatt, I, I,, Some Problems of the Mechanics of Deformable Media,
Moscow, Gostekhizdat, 1955,

von Mises, R,, The mechanics of plastically deformed solids, (Russian transla-
tion), In collection: Theory of Plasticity, Moscow, Izd, inostr, 1it,, 1948,

Akhiezer, A,I,, Demutskii, V,P. and Polovin,R, V,, Onthe theory
of magnetoplasticity, Fiz, Metallov i Metalloved, Vol 23, N5, 1067,

Nadai, A., Plasticity and Fracture of Solids, (Russian translation), Moscow, Izd,
inostr, lit,, p, 498, 1954,

Artsimovich, L, A,, Controlled Thermonuclear Reactions, Moscow, Fizmat-

giz, 1961, Translated by A, Y.



